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Abstract In this paper, we demonstrate the detailed numerical studies of three classical
two dimensional detonation waves by solving the two dimensional reactive Euler equa-
tions with species with the fifth order WENO-Z finite difference scheme (Borges et al. in
J. Comput. Phys. 227:3101–3211, 2008) with various grid resolutions. To reduce the com-
putational cost and to avoid wave reflection from the artificial computational boundary of a
truncated physical domain, we derive an efficient and easily implemented one dimensional
Perfectly Matched Layer (PML) absorbing boundary condition (ABC) for the two dimen-
sional unsteady reactive Euler equation when one of the directions of domain is periodical
and inflow/outflow in the other direction. The numerical comparison among characteristic,
free stream, extrapolation and PML boundary conditions are conducted for the detonation
wave simulations. The accuracy and efficiency of four mentioned boundary conditions are
verified against the reference solutions which are obtained from using a large computa-
tional domain. Numerical schemes for solving the system of hyperbolic conversation laws
with a single-mode sinusoidal perturbed ZND analytical solution as initial conditions are
presented. Regular rectangular combustion cell, pockets of unburned gas and bubbles and
spikes are generated and resolved in the simulations. It is shown that large amplitude of
perturbation wave generates more fine scale structures within the detonation waves and the
number of cell structures depends on the wave number of sinusoidal perturbation.
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1 Introduction

Conservative Weighted Essentially Non-oscillation finite difference schemes (WENO) have
been developed in recent years as a class of high order/high resolution method for solutions
of hyperbolic conservation laws (PDEs) in the presence of shocks and small scale structures
in the solution (for details and history of WENO scheme, see [1] and references contained
therein). WENO schemes owe their success to the use of a dynamic set of substencils where
a nonlinear convex combination of lower order polynomials adapts either to a higher order
polynomial approximation at smooth parts of the solution, or to a lower order polynomial
approximation that avoids interpolation across discontinuities. The upwinding of the spatial
discretization provides the necessary dissipation for shock capturing. It is an evolution of
the Essentially Non-oscillatory (ENO) schemes, introduced in [2], which choose only the
smoothest substencil, instead of forming a convex combination of all the substencils avail-
able in order to optimize accuracy in the smooth parts of the solution.

The local computational stencils of (2r − 1) order WENO schemes are composed of
r overlapping substencils of r points, forming a larger stencil with (2r − 1) points. The
scheme yields a local rate of convergence that goes from order r at the non-smooth parts of
the solution, to order (2r − 1) when the convex combination of local lower order polynomi-
als is applied at smooth parts of the solution. The nonlinear coefficients of WENO’s convex
combination, hereafter referred to as nonlinear weights ωk , are based on lower order local
smoothness indicators βk, k = 0, . . . , r − 1 that measure the sum of the normalized squares
of the scaled L2 norms of all derivatives of r local interpolating polynomials. An essentially
zero weight is assigned to those lower order polynomials whose underlining substencils
contain high gradients and/or shocks, aiming at an essentially non-oscillatory solution close
to discontinuities. At smooth parts of the solution, the formal order of accuracy is achieved
through the mimicking of the central upwind scheme of maximum order, when all smooth-
ness indicators are about the same size. Hence, one of the most important issues for WENO
schemes is to design an efficient and accurate nonlinear weights ωk . In [3], the first set
of nonlinear weights of widespread use has been given. However, it has been shown that
the nonlinear weights fail to satisfy the necessary and sufficient condition for achieving the
formal order of accuracy even for smooth functions. We call this scheme as the classical
WENO scheme (WENO-JS). In [4], a modification of the nonlinear weights was proposed
in the form of a mapping on the classical WENO-JS nonlinear weights, leading to corrected
nonlinear weights that recovered the formal order of accuracy. We call the scheme composed
by this mapped set of nonlinear weights as the mapped WENO scheme (WENO-M). In [5],
it was shown that the incorporation of a global optimal order smoothness indicator, hereafter
denoted as τ2r−1, into the classical WENO-JS nonlinear weights definition satisfies the nec-
essary and sufficient condition for achieving the formal order of accuracy. This scheme has
been named the WENO-Z scheme (WENO-Z). The mapping procedure of WENO-M incurs
extra expensive computational cost, while the weight modification of WENO-Z is obtained
through a simple and inexpensive linear combination of the already computed lower order
local smoothness indicators βk . It has been shown that the new set of nonlinear weights of
WENO-Z provided less dissipation than WENO-JS and yielded comparable resolution of
smooth solution and captured sharp gradients as WENO-M [5].

Since the classical theory, namely the ZND detonation model, in detonation waves was
pioneered by Zekdivich [8], von Neumann [9] and Doering [10], the studies of detonation
waves have been an active area of research in both theoretical studies and in numerical sim-
ulations due to the practical importance. For instance, linear stability analysis [11] presented
rigorous results, but it is unable to capture properties of non-linear dynamics. In the 1970s,
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Table 1 Cases of simulation and corresponding parameters

Cases studied Abbreviation of cases γ q0 Ea f

Small heat release/Low activation energy (H2,E20, f1.1) 1.2 2 20 1.1

Large heat release/Low activation energy (H50,E10, f1.2) 1.2 50 10 1.2

Large heat release/Large activation energy (H50,E50, f1.2) 1.2 50 50 1.2

experiments [12–14] demonstrated that the detonations observed in many circumstances ex-
hibited complicated unstable wave patterns in reacting gases. Numerical approaches such as
the second order Godunov scheme [15, 16], extended CE/SE method [17], unsplit scheme
[18], classical WENO-JS scheme [19, 20] have been implemented to simulate two dimen-
sional detonation waves to investigate the detonation phenomenon in many physical applica-
tions. Moreover, the grid convergence study for the case of overdrive factor f = 1.6 in [21]
showed that the WENO schemes converge faster than existing numerical methods such as
PPM with front tracking and mesh refinement [22], unsplit scheme [23], Roe’s solver with
minmod limiter [24] and Roe’s solver with superbee limiter [24]. The conservative high or-
der WENO-Z finite difference schemes have been applied successfully in many applications
such as the shock-particle laden flows [6, 7, 21]. Consequently, in this paper we are inter-
ested in employing the fifth order WENO-Z schemes for the numerical simulations of two
dimensional detonation waves.

In simulating detonation waves in a semi-infinite physical domain, the computational
domain must be truncated which necessitates the imposition of numerical boundary condi-
tion at the artificial outflow boundary in order to close the system of equations. Unless a
large computational domain is used for simulations so that detonation waves do not reach
the artificial boundary before the final time is reached, waves reflected from the artificial
boundary can be reflected back into the interior computational domain. The reflected waves
will interact with the detonation waves and pollute the developing solution. Berenger, in
[25], originally designed a Perfectly Matched Layer (PML) for Maxwell’s equation to trun-
cate an infinity or semi-infinity computational domain. It works as a relatively simple and
efficient absorbing boundary condition for the wave problems. In the last few years, it was
analyzed and developed in linearized and nonlinear Euler equations [26–29] to absorb the
outgoing waves and decrease the computational cost. In this study, we design an efficient
and easily implemented x-direction PML for the unsteady reactive Euler equations to trun-
cate the computational domain for two dimensional detonation waves. The additional cost
of PML equation is negligible because the original Euler equation is only appended with
an extra source term. The accuracy and efficiency of designed PML boundary condition are
verified by comparing it with the characteristic, extrapolation, free stream boundary condi-
tions and computing the pressure error against the reference solutions, which are obtained
from a simulation with a large computational domain under the same grid resolution.

In this study of detonation wave simulations, we consider three classical examples listed
in the following Table 1, where γ is the ratio of specific-heat, Ea is the activation-energy
parameter, q0 is the heat-release parameter, f is the overdrive factor.

We perturb the planar ZND wave by perturbing the vertical velocity v in y inside the half-
reaction zone in the initial condition with a single-mode sinusoidal perturbation with small
and large amplitude of perturbation. In the case (H2,E20, f1.1), solutions converge to steady
state for high resolutions δ10 and δ20 (which denotes the resolution as 20 grid points per
half-reaction zone), and the so-called regular rectangular modes are formed. In the more in-
teresting case (H50,E10, f1.2), the corresponding one-dimensional case is an unstable case.
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Fig. 1 The computational
uniform grid xi and the 5-points
stencil S5, composed of three
3-points substencils S0, S1, S2,
used for the fifth-order WENO
reconstruction step

However, it not only forms the rectangular mode in an earlier time but also generates the
pockets of unburned gas in a later time. The structures of detonation waves becomes com-
plicated at later time. In the most challenging case (H50,E50, f1.2), the one-dimensional
flow with corresponding parameters is unstable case. The structure of detonation wave be-
comes very complicated when the transverse instabilities dominate the flow. The vorticity
field structures are similar to display a strong two-dimensional incompressible flow turbu-
lence [30].

Furthermore, we investigate the relation between the amplitude of perturbation wave and
the behavior of detonation wave. Generally speaking, the larger amplitude releases larger
amount of energy during the collision with shock front and that generates more small scale
structures in the detonation waves. We also observe that the number of detonation cells in
y-direction depends on the wave number of sinusoidal perturbation.

The paper is organized as follows. In Sect. 2, a brief introduction to WENO schemes
for solving hyperbolic conservation laws is given. In Sect. 3, a brief introduction to two-
dimensional detonation model with governing equations and its perturbed initial conditions
is given. Different boundary conditions are briefly introduced and compared quantitatively
and qualitatively in Sect. 3.2. Section 3.3 outlines the general framework of numerical
schemes. Three numerical examples are simulated under different resolutions and various
perturbation waves and their results are discussed in Sect. 4. Conclusion and remarks are
given in Sect. 5.

2 Weighted Essentially Non-oscillation Schemes

In this section we briefly describe the general framework of the (2r −1) order characteristics
based weighted essentially non-oscillatory conservative finite difference scheme (WENO)
for solving the system of hyperbolic conservation laws in the form

∂u
∂t

+ ∇ · F(u) = 0. (1)

Without loss of generalities, we will present the (2r −1) order conservative WENO finite
difference scheme in one dimension. Explicit formula for fifth (r = 3) order scheme is given.
Extension to higher order (r > 3) WENO scheme is straightforward.

Consider a uniform grid defined by the points xi = i�x, i = 0, . . . ,N , which are called
cell centers, with cell boundaries given by xi+ 1

2
= xi + �x

2 , where �x is the uniform grid
spacing (see Fig. 1). The semi-discretized form of (1) is transformed into the system of
ordinary differential equations by method of line

dui(t)

dt
= −∂f

∂x

∣
∣
∣
∣
x=xi

, i = 0, . . . ,N, (2)

where ui(t) is a numerical approximation to the cell-averaged value u(xi, t).
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To form the flux differences across the uniformly spaced cells, conservative finite-
difference formulation for hyperbolic conservation laws requires high-order consistent nu-
merical fluxes at the cell boundaries. We implicitly define the numerical flux function h(x)

as

f (x) = 1

�x

∫ x+ �x
2

x− �x
2

h(ξ)dξ, (3)

such that the spatial derivative in (2) is exactly approximated by a conservative finite differ-
ence formula at the cell boundaries xi± 1

2
,

dui(t)

dt
= − 1

�x

(

hi+ 1
2
− hi− 1

2

)

, (4)

where hi± 1
2

= h(xi± 1
2
). High order polynomial interpolations to hi± 1

2
are computed using

known cell-averaged values fj = f (xj ), j = i − r + 1, . . . , i, . . . , i + r − 1.
The classical (2r − 1) order WENO scheme uses (2r − 1)-points global stencil, which

is subdivided into r substencils {S0, S1, . . . , Sr−1} with each substencil containing r grid
points and a global stencils S2r−1 = ⋃r−1

i=0 Si . For r = 3, the 5-points global stencil, hereafter
named S5, is subdivided into three 3-points substencils {S0, S1, S2}.

The (2r − 1) degree polynomial approximation f̂i± 1
2

= hi± 1
2

+ O(�x2r−1) is built

through the convex combination of the interpolated values f̂ k(xi± 1
2
), in which f k(x) is

the r degree polynomial below, defined in each one of the substencils Sk :

f̂i± 1
2

=
r−1
∑

k=0

ω±
k f̂ k

(

xi± 1
2

)

, (5)

where

f̂ k
(

xi+ 1
2

) = f̂ k

i+ 1
2

=
r−1
∑

j=0

ckjfi−k+j , i = 0, . . . ,N. (6)

f̂ k

i− 1
2

can be found by symmetry. The ckj are Lagrangian interpolation coefficients (see [3])

and ωk are normalized nonlinear weights (weights), which will be described below.
The regularity of the (r − 1) degree interpolation polynomial approximation f̂ k(x) at

the substencil Sk is measured by the lower order local smoothness indicators βk , which are
given by

βk =
r−1
∑

l=1

�x2l−1
∫ x

i+ 1
2

x
i− 1

2

(
dl

dxl
f̂ k(x)

)2

dx. (7)

For r = 3, the explicit expression of the βk in terms of the cell averaged values of f (x),
fi are given by

β0 = 13

12
(fi−2 − 2fi−1 + fi)

2 + 1

4
(fi−2 − 4fi−1 + 3fi)

2, (8)

β1 = 13

12
(fi−1 − 2fi + fi+1)

2 + 1

4
(fi−1 − fi+1)

2, (9)
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β2 = 13

12
(fi − 2fi+1 + fi+2)

2 + 1

4
(3fi − 4fi+1 + fi+2)

2. (10)

In the classical WENO scheme [1, 3] (WENO-JS), the normalized nonlinear weights ωk

and un-normalized nonlinear weights αk in each substencil Sk , are defined as

ωk = αk
∑r−1

l=0 αl

, αk = dk

(βk + ε)p
, k = 1, . . . , r − 1. (11)

The parameter ε (typically 10−12) is used to avoid the division by zero in the denominator
and power parameter p = 2 is chosen to increase the difference of scales of distinct weights
at non-smooth parts of the solution. The coefficients {d0, d1, . . . , dr−1} are called the ideal
weights since they generate the (2r − 1) order central upwind scheme using the (2r − 1)-
points stencil when the solution is smooth. For r = 3, the ideal weights are {d0 = 3

10 , d1 =
3
5 , d2 = 1

10 }.
The novel idea of the WENO-Z scheme (WENO-Z) [5, 31] is the modification of the βk

with higher order information obtained from a global optimal order smoothness indicator,
which is denoted here by τ2r−1. This new global optimal order smoothness indicator τ2r−1 is
built using cell-averaged values in the whole S2r−1 stencil in the form of a linear combination
of βk , that is,

τ2r−1 =
r−1
∑

k=0

ckβk, (12)

where ck are given constants (see [5, 31]).
The general definitions of the normalized and un-normalized nonlinear weights ωZ

k and
αZ

k , respectively, are

ωZ
k = αZ

k
∑r−1

l=0 αZ
l

, αZ
k = dk

βZ
k

= dk

(

1 +
(

τ2r−1

βk + ε

)p)

, k = 0, . . . , r − 1, (13)

where p ≥ 1 is the power parameter, used to enhance the relative ratio between the smooth-
ness indicators. For r = 3, the global high order smoothness indicator τ5 is

τ5 = |β0 − β2|. (14)

The numerical results in [5] confirmed the improved performance of the modified
smoothness indicators over the WENO-JS scheme in computing a higher resolution solu-
tion when solving hyperbolic PDEs with discontinuous solutions.

3 Governing Equations

Two-dimensional unsteady reactive Euler equations for a perfect ideal gas coupled with
irreversible chemical reaction in a conservation form is given by

∂Q
∂t

+ ∇ · �F = S, (15)
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Fig. 2 Initial profiles of mass fraction f1, density ρ, velocity u and pressure P for an one-dimensional ZND
detonation wave

where �F = (F,G) is the flux vector and

Q =

⎡

⎢
⎢
⎢
⎢
⎢
⎣

ρ

ρu

ρv

E

ρf1

⎤

⎥
⎥
⎥
⎥
⎥
⎦

, F =

⎡

⎢
⎢
⎢
⎢
⎢
⎣

ρu

ρu2 + P

ρuv

(E + P )u

ρf1u

⎤

⎥
⎥
⎥
⎥
⎥
⎦

, G =

⎡

⎢
⎢
⎢
⎢
⎢
⎣

ρv

ρuv

ρv2 + P

(E + P )v

ρf1v

⎤

⎥
⎥
⎥
⎥
⎥
⎦

, S =

⎡

⎢
⎢
⎢
⎢
⎢
⎣

0

0

0

0

ω(T ,f1)

⎤

⎥
⎥
⎥
⎥
⎥
⎦

, (16)

where ρ is density or mass density, P is pressure, u and v are the x- and y-component of
velocities respectively. f1 is the reactant mass fraction satisfying 0 ≤ f1 ≤ 1, where f1 = 0
describes the completely burned state and f1 = 1 describes the unburned state.

The total specific energy E is given by,

E = P

γ − 1
+ 1

2
ρ
(

u2 + v2
) + ρf1q0, (17)

and the source term ω(T ,f1) due to the chemical reaction is

ω(T ,f1) = −Kρf1e
−Ea/T , (18)

where γ is the ratio of specific-heat (assumed to be a constant here), q0 is the heat-release
parameter, Ea is the activation-energy parameter, and K is a pre-exponential factor that sets
the spatial and temporal scales. The temperature is defined by

T = P/ρR, (19)

where R is the specific gas constant (with a suitable normalization, R = 1 in this study).

3.1 Initial Conditions

In the case of one-dimensional detonation wave the C-J velocity DCJ and detonation ve-
locity D can be determined respectively with the given parameters γ , q0, and the overdrive
factor f . The flow variables ρ,u and P can be computed by specifying a given mass fraction
f1 profile. We refer to [17, 21] for details.

In this work we specify an exponential function as an initial profile of the mass frac-
tion f1. The corresponding one-dimensional typical ZND spatial profiles of different vari-
ables are shown in Fig. 2 which will be used as the setup of initial conditions of the detona-
tion wave simulations.
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In the case of two-dimensional problem, the initial condition in the y-component of ve-
locity is given by a transversely sinusoidal perturbed planar ZND wave, i.e.,

v(x, y, t = 0) =

⎧

⎪⎨

⎪⎩

0 x < xd − Ww,

A sin(
2yπk

L
) xd − Ww ≤ x ≤ xd,

0 x > xd,

where A,k and L are the amplitude, wave number and wavelength of the sinusoidal pertur-
bation of the detonation wave front and Ww is the width of perturbation zone. xd is the initial
location of the detonation wave front in the x-direction (the detonation waves travel from
right to left with the frame of reference set on the detonation front). Since the problem is
periodical in y-direction, L is equal to the height of the domain in y-direction. In this study,
Ww = 1 and L = 10 are used.

3.2 Boundary Conditions

In this study, the problem is assumed to be periodical in the y-direction. Hence, periodical
boundary condition is imposed in the y-direction. Since the frame of reference is set on the
detonation front located inside the computational domain, the right boundary condition is
set to be the initial free stream inflow condition.

The left boundary condition for the boundary/ghost cells, however, requires a more elab-
orate discussion as the detonation waves will travel to the left side of the domain if the
nonlinear system of hyperbolic PDEs is integrated long enough in time. Depending on the
length of the computational domain after truncating the physical domain to a finite size and
the numerical boundary conditions imposed there, undesirable waves might reflect back into
the computational domain and pollute the solution if the reflected wave is sufficiently strong.
It should be noted that the left boundary is not a real physical boundary, like a solid wall,
but an artificial one, created by the truncation of the physical domain into a computational
domain. Theoretically, the grid points for the boundary/ghost points should satisfy the PDEs
exactly. However, in order to close the discrete system, a numerical boundary condition must
be imposed on the boundary/ghost points.

In this work, we will revisit three kinds of numerical boundary conditions, which have
often been used in the published literature, and demonstrate their effectiveness in handling a
truncated physical domain in the numerical simulation of detonation waves. An alternative
approach based on the Perfectly Match Layer (PML) will then be proposed, described and
compared with the other three approaches. It should be noted that, in this study, the problem
of imposing left boundary condition for ghost cells is essentially one-dimensional.

The first approach for imposing numerical boundary condition is to assume the computa-
tional domain is sufficiently large such that no waves can reach the left truncated boundary
at a given final time. In this case, the initial free stream condition can be naturally imposed.
It guarantees the computed solution is free of pollution of reflected wave from the left com-
putational domain boundary. Its solution can be used as reference solution when comparing
different approaches in imposing left numerical boundary condition. The major downside
of this approach is the cost of computing if the solution time is very large. Large number of
grid points will be needed to maintain a specific grid resolution.

The second approach is to extrapolate the values of the ghost cells from the solution in the
interior of the computational domain. This approach is easy and used often in the literature
[32]. However, this approach will result in a well-posed problem only for supersonic flow
and one can show that the flow at the left computational boundary is subsonic in this study.
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The third approach is to employ the characteristic boundary condition for the bound-
ary/ghost points by taking into account the direction of the propagating characteristic wave at
the boundary. The outgoing characteristic waves will be allowed to move out of the compu-
tational domain and the incoming characteristic waves from free stream flow will be allowed
to move into the computational domain. As discussed in the later Sect. 3.3, the eigensystem
of the Euler equation with species with the right eigenvectors R, left eigenvectors R−1 and
eigenvalues � are provided.

The procedure of characteristic boundary condition can be summarized as follow: (ig-
noring the dependency in y and assuming the boundary/ghost points are x−r , . . . , x−1 for
some r > 0)

1. Given the conservative variables Q, the linearized eigensystem of the PDEs (R,R−1,�)
are computed at x0, the first interior grid point.

2. The characteristic variable W is formed by projecting Q from the physical space onto the
characteristic fields via the left eigenvectors as W = R−1Q at all the grid points needed
in the next step.

3. To impose the characteristic boundary condition, the characteristic variable W is modi-
fied according to the sign of the corresponding eigenvalues, that is, with W(x0) = W(x0)

and W(x1) = W(x1),

Wk(xi−1) =
{

2Wk(xi) − Wk(xi+1) λk(x0) ≥ 0,

Wk(x = −∞) λk(x0) < 0,
i = 0, . . . ,−r + 1, (20)

where Wk,Wk and λk are the kth component of the W, updated characteristic variable W
and �, respectively. Here we show the first order extrapolation of outgoing characteristic
waves in a recursive manner.

4. An updated conservative variable Q can then be recovered by projecting W from the
characteristic fields back onto the physical space via the right eigenvectors as Q = RW.

The fourth approach is inspired from the idea of perfect match layer (PML) for unsteady
Euler equations [29]. In PML, an extended domain (layer) is created to allow the transmis-
sion and damping of waves into the layer in order to minimize the reflection of the waves
back into the computational domain. In essence, the conservative variables Q in the PML
layer are separated into a time-independent steady part Q̄p and perturbed part Q′ as

Q = Q̄p + Q′. (21)

Q̄p is called a time-independent pseudo mean-flow in [29, 33] and satisfies the steady state
Euler equation, that is,

∂Q̄p

∂t
= ∇ · �F(Q̄p) = 0, (22)

where �F = (F,G) is the flux vector in two dimensions.
Using (22), one can obtain the equation for Q′, that is,

∂Q′

∂t
+ ∇ · δ�F = 0, (23)

where δ�F = �F(Q) − �F(Q̄p).
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In the frequency domain, it becomes

(−iω)Q̃′ + ∇ · ˜δ�F = 0, (24)

where the tilde denotes a Laplace transformed quantity.
For clarity, we will present the method for a two dimensional problem. We shall denote

δF = F(Q) − F(Q̄p) and δG = G(Q) − G(Q̄p).
In the PML layer, by employing the change of complex variables

x −→ x + i

ω

∫ x

xp

σx(ξ)dξ, y −→ y + i

ω

∫ y

yp

σy(ξ)dξ, (25)

where xp (yp) and σx (σy ) are the starting locations and smooth damping functions with
σx(xp) = 0 (σy(yp) = 0) of the PML layer in the x (y)-direction, respectively, one has

(−iω)Q̃′ + 1

1 + i σx

ω

∂̃δF
∂x

+ 1

1 + i
σy

ω

∂̃δG
∂y

= 0. (26)

By splitting Q̃′ into Q̃′
1 and Q̃′

2 which are the flow variables in x- and y-directions respec-
tively, (26) can be written as

(−iω)Q̃′
1 + 1

1 + i σx

ω

∂̃δF
∂x

= 0, (27)

(−iω)Q̃′
2 + 1

1 + i
σy

ω

∂̃δG
∂y

= 0, (28)

where Q̃′ = Q̃′
1 + Q̃′

2.
By rearranging the equations above in the time domain, one has

∂Q′
1

∂t
+ σxQ′

1 + ∂δF
∂x

= 0, (29)

∂Q′
2

∂t
+ σyQ′

2 + ∂δG
∂y

= 0. (30)

The two equations above are for absorbing Q′ in the PML layer. By adding them together,
an equation for Q′ can be formed, namely,

∂Q′

∂t
+ σx

(

Q′ − Q′
2

) + ∂δF
∂x

+ σy

(

Q′ − Q′
1

) + ∂δG
∂y

= 0. (31)

Since Q̄p satisfies the steady Euler equation (22), the PML equation for Q can be written
as

∂Q
∂t

+ ∇ · �F + σx

(

Q − Q̄p − Q′
2

) + σy

(

Q − Q̄p − Q′
1

) = 0, (32)

∂Q′
2

∂t
+ σyQ′

2 + ∂δG
∂y

= 0. (33)

In this work, PML is not needed in the periodical y-direction. Therefore, one can neglect
(33) and assume σy = 0 and Q′

2 = 0 in the implementation of the above PML in our study.
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Fig. 3 (H2,E20, f1.1): Absolute error in pressure of the characteristic, zero-order extrapolation, free stream
and PML boundary conditions when compared with the reference solution computed from a large computa-
tional domain

We also assume Q̄p = Q0 which is the initial condition for steady ZND solution inside the
PML layer. We refer to [29] for more details.

To illustrate the efficiency and accuracy of (32), we consider the case (H2,E20, f1.1) with
following parameters (see Sect. 4.1 for details)

q0 = 2, Ea = 20, f = 1.1,

as proposed in [18, 34] as a classical example of two-dimensional detonation wave. The
computational domain is (x, y) = [0,230] × [−5,5] and the solution is defined as reference
solution since no flow structure has reached the left end of the boundary at x = 0 at the final
time. With the implementation of PML boundary condition, the computational domain is set
to be (x, y) = [100,230] × [−5,5], and PML layer is (xa, xb) = [100,106] and detonation
front is initially located at xd = 225. The PML layer damping function σx is defined as

σx =
{

α| x−xb

xa−xb
|β xa ≤ x < xb,

0 else,
(34)

where α = 60 and β = 4.
The comparison of the pressure between the four kinds of boundary condition and the

reference solution is shown in Fig. 3. Reflection of waves from the left boundary are ob-
served in every kinds of boundary condition discussed above. The PML boundary condition
has the minimal pressure wave reflection from the left computational boundary with max-
imum absolute error less than 2 × 10−5 while the error of other three kinds of boundary
condition can be up to 2×10−2. Hence, we will employ the PML boundary condition in this
study of detonation waves.

3.3 Numerical Methods

Following [1, 3, 5], the hyperbolicity of the Euler equations admits a complete set of right
and left eigenvectors for the Jacobian of the system.
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By defining the two dimensional unit outward normal vector n = (nx, ny) = (cos θ, sin θ),
where θ = tan−1(ny/nx), and the rotation matrix

T =

⎡

⎢
⎢
⎢
⎢
⎢
⎣

1 0 0 0 0

0 nx ny 0 0

0 −ny nx 0 0

0 0 0 1 0

0 0 0 0 1

⎤

⎥
⎥
⎥
⎥
⎥
⎦

, T−1 =

⎡

⎢
⎢
⎢
⎢
⎢
⎣

1 0 0 0 0

0 nx −ny 0 0

0 ny nx 0 0

0 0 0 1 0

0 0 0 0 1

⎤

⎥
⎥
⎥
⎥
⎥
⎦

, (35)

the Euler system has Jacobian in general form as

A = (FJ ,GJ ) · n, (36)

where FJ and GJ are Jacobian matrices of fluxes of F and G, respectively. One can then
find the right eigenvectors R(Q), left eigenvectors R−1(Q) and eigenvalues �(Q) of FJ . In
the Cartesian frame, the eigensystem is a function of Q.

By the rotational invariance property of Euler equations [35], the eigensystem of equation
(16) can be represented generally as

A = R̂�̂R̂−1, (37)

where Q̂ = TQ, R̂ = T−1R(Q̂), R̂−1 = R−1(Q̂)T, �̂ = �(Q̂). In a rotational frame, the

eigensystem is a function of Q̂.
Hence, the Jacobian matrix of system (16) becomes,

A =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

0 nx

1
2 (γ − 3)u2nx − uvny (3 − γ )unx + vny

1
2 (γ − 3)v2ny − uvnx (1 − γ )uny + vnx

((γ − 1)u2 − h)u · n (h − u2(γ − 1))nx + (1 − γ uv)ny)

−f1u · n f1nx

ny 0 0

(1 − γ )vnx + uny (γ − 1)nx (1 − γ )q0nx

(3 − γ )vny + unx (γ − 1)ny (1 − γ )q0ny

(h − v2(γ − 1))ny + (1 − γ uv)nx γ u · n (1 − γ )q0u · n

f1ny 0 u · n

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

. (38)

The right and left eigenvector matrices of A are

R̂ =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1 1 1 0 1

u + cnx u − cnx (u · n)nx −ny (u · n)nx

v + cny v − cny (u · n)ny nx (u · n)ny

h + cu · n h − cu · n ζ

2 u · k 0

f1 f1 0 0 − ζ

2q0

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

, (39)
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R̂−1 = c̃

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

u2

2 − cu·n
γ−1

c
γ−1nx − u c

γ−1ny − v

u2

2 + cu·n
γ−1 − c

γ−1nx − u − c
γ−1ny − v

2(h − u2) − 4f1q0(u·n)2

ζ
2u + 4f1q0u

ζ
2v + 4f1q0v

ζ

−(u · k)u2 2u(u · k) − ny

c̃
2v(u · k) + nx

c̃

2f q0u2

ζ
− 4f q0u

ζ
− 4f q0v

ζ

1 −q0

1 −q0

−2 − 4f1q0
ζ

4q0(h−(u·k)2)

ζ

−2u · k 2q0u · k

4f1q0
ζ

2q0(u2−2h)

ζ

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

, (40)

and their corresponding eigenvalues are

λ1 = u · n + c, λ2 = u · n − c, λ3 = λ4 = λ5 = u · n. (41)

Here, h = (E + P )/ρ and c = √
γP/ρ are the specific enthalpy and sound speed, respec-

tively. Also, we define c̃ = (γ − 1)/(2c2),u · n = unx + vny,u · k = −uny + vnx,u2 =
u · u = (u · n)2 + (u · k)2 = u2 + v2, ζ = (u · n)2 − (u · k)2.

The approximated eigenvalues and eigenvectors are obtained via the Roe linearized Rie-
mann solver. The first order global Lax-Friedrichs flux is used as the low order building
block for the high order reconstruction step of the WENO scheme. After projecting the
positive and negative fluxes on the characteristic fields via the left eigenvectors, the high
order WENO reconstruction step is applied to obtain the high order approximation at the
cell boundaries using the surrounding cell-centered values, which are then projected back
into the physical space via the right eigenvectors and added together to form a high order
numerical flux at the cell-interfaces. The conservative difference of the reconstructed high
order fluxes can then be computed for inviscid flux.

The resulting system of ordinary differentiation equations ODE (4) is advanced in time
via the third order TVD Runge-Kutta scheme. The CFL condition is set to be CFL = 0.45
in the numerical experiments performed in this study. We refer to [3, 5] for further details
on the WENO algorithm for solving the hyperbolic conservation laws.

4 Numerical Experiments and Discussions

In this section, the fifth order WENO-Z scheme is employed to simulate three classical two-
dimensional examples of detonation waves, all of which have been studied previously, albeit
using different techniques.

4.1 Small Heat Release and Low Activation Energy

In the case (H2,E20, f1.1), parameters are chosen in Table 1 whose corresponding stiffness
coefficient and detonation front speed are K = 1134363.64 and D = 2.04 respectively. The
one-dimensional flow with corresponding parameters is a linearly stable case because there
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Fig. 4 (Color online) (H2,E20, f1.1): Mesh study of (a) peak pressure Pm(t) and (b) detonation front speed
DCJ at time t = 100. (c) Pm(t) with grid resolutions δ5, δ10 and δ20

Fig. 5 (Color online) (H2,E20, f1.1): The profiles of pressure and vorticity at time t = 30 with grid resolu-
tions δ10 (first row) and δ20 (second row)

is no linearly unstable longitudinal modes [36, 37]. The parameters of perturbation wave
are (k = 4,A = 0.1). The computational domain is set to be (x, y) = [100,230] × [−5,5],
and PML layer is (x, y) = [100,106] × [−5,5] and detonation front is initially located at
xd = 225.

Figure 4(a) and (b) display mesh refinement study of WENO-Z scheme, peak pressure
and detonation front speed are measured in reaction zone at time t = 100. The computed
solution converges to steady state solution as grid resolution increases, and it agrees well
with [38] and our previous work [21]. The temporal evolution of the peak pressure Pm(t)

in reaction zone under grid resolutions δ5, δ10 and δ20 are shown in Fig. 4(c). In low grid
resolution δ5, the scheme does not reach the steady state solution. As high grid resolutions
δ10 and δ20, both results converge to steady state solution for time t > 30.

Pressure and vorticity contour with grid resolutions δ10 and δ20 at time t = 30 are given
in Fig. 5. The flow variables generated regular cellular structures which are due to the large
amount of energy being released during the collisions between the perturbation waves and
shock fronts. They are in very good agreement with the results presented in the literature
[18, 34]. Furthermore, the results of high grid resolution simulations capture more small
scale structures than the low grid resolution one in Fig. 5.
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Fig. 6 (Color online) (H2,E20, f1.1): (a) The peak pressure Pm(t) for perturbation amplitudes A = 0.1 and
A = 0.5. (b) Pressure contour of A = 0.1 (upper) and A = 0.5 (lower). (c) Pressure contour before the triple
points collision. (d) Pressure contour after the triple points collision. The grid resolution is δ20

To explore the relation between amplitude of perturbation wave A and structures of the
detonation wave, we increase the amplitude from A = 0.1 to A = 0.5 and show the tempo-
ral evolution of the peak pressure Pm(t) at time t = 100 and pressure at time t = 10 with
grid resolution δ20. In Fig. 6(a), initially, large amplitude case generates high peak pressure
in reaction zone as expected because more energy is being released when the shock fronts
interacted with the stronger perturbation wave. Because of the stability in this case, pertur-
bations decay with time that indicates the steady solution is hydrodynamically stable and
probably unique [13]. In Fig. 6(b), the cellular structures are similar for both cases, and
results of large amplitude are better developed than those of small amplitude. In Fig. 6(c)
and (d), we show the pressure structure of detonation front for large amplitude A = 0.5 and
grid resolution δ20 before and after triple points collision. The pressure structure of detona-
tion front agrees well with [13, 34].

4.2 Large Heat Release and Low Activation Energy

The case (H50,E10, f1.2) has no prediction of regular cell structures from the theory of
instability based on geometric acoustics [34] and the corresponding one-dimensional flow is
unstable. The stiffness coefficient and detonation front speed are K = 3.124 and D = 2.04
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Fig. 7 (Color online) (H50,E10, f1.2): The temporal evolution of peak pressure Pm(t) with (left) δ5, δ10,
δ20 under the perturbation wave parameters (k = 2,A = 0.5) and (right) three sets of perturbation wave
parameters (k,A). The grid resolution is δ20

Fig. 8 (Color online) (H50,E10, f1.2): (Left) Pressure P and (right) velocity u with grid resolution δ20 at
locations (x, y) = (355,0)

respectively. The computational domain is (x, y) = [300,410] × [−5,5] and PML layer is
(x, y) = [300,306] × [−5,5]. The ZND wave is initially located at xd = 400.

In Fig. 7, we show the comparative results of the temporal evolution of peak pressure
Pm(t) at time t = 50 with different grid resolutions δ5, δ10, δ20 and various perturbation
waves (k = 2,A = 0.5), (k = 2,A = 1.0), (k = 3,A = 0.5). The grid resolution study of
Pm(t) shows that WENO-Z scheme with lower grid resolution δ5 cannot capture the small
scale structures and the natural phenomena of detonation wave. In contrast, higher peak
pressures Pm(t) with regular pattern are captured with high grid resolution δ10, δ20 at late
time. The peak pressure also increases to a higher value when we perturbed the initial con-
dition with larger amplitude A = 1.0. Furthermore, we record the temporal evolution of the
pressure P and velocity u at location (x, y) = (355,0) which are shown in Fig. 8.

The contours of flow variables computed by WENO-Z scheme at time t = 10 with grid
resolution δ20 are shown in Fig. 9 whose structures agree well with those in the literature



96 J Sci Comput (2012) 53:80–101

Fig. 9 (Color online) (H50,E10, f1.2): Contours of the pressure, temperature, vorticity and mass fraction
with grid resolution δ20 under the perturbation waves with parameters (k = 2, A = 1.0), (k = 2, A = 0.5)

and (k = 3, A = 0.5)

[18, 34]. We observe that two and three detonation cells in y-direction are formed in the case
of k = 2 and k = 3 respectively. It agrees well with the conclusion that the final number of
cells depends on the specific initial perturbation. We refer to [34] for details.

The detonation structures in the flow variables become more complicated than those
generated in the previous case of small heat release and low activation energy, such as, the
regular rectangle structure in the pressure disappear. Furthermore, the vortex sheet are well
developed into regular pairs from two colliding triple points when they detached from front.
The mushroom shaped vortex rollup structures are formed in vorticity, temperature and mass
fraction. The structures in the results of larger amplitude A = 1.0 are more complicated than
those of smaller amplitude A = 0.5, such as, the vortex rolls up earlier with larger amplitude
A = 1.0 than the smaller amplitude A = 0.5 (k = 2). We also observe that, the vortex starts
rolling up further upstream at location x = 375 with k = 2 but not with k = 3 (A = 0.5).

4.3 Large Heat Release and Large Activation Energy

In this section we present numerical results of a challenging case (H50,E50, f1.2), which is
the unstable ZND wave at arbitrarily short wavelengths [18, 34]. The corresponding stiff-
ness coefficient and detonation front speed of this system is K = 871.42 and D = 7.4594
respectively. The computational domain is (x, y) = [300,410] × [−5,5] and PML layer is
(x, y) = [300,306] × [−5,5]. The ZND wave is initially located at xd = 400.

The comparative profiles of pressure, temperature, vorticity and mass fraction between
two perturbation cases (k = 2,A = 0.1) and (k = 2,A = 0.2) computed by WENO-Z
scheme with grid resolution δ20 at times t = 10,15,20 are present in Figs. 10 and 11.
The result agrees well with those in the literature [18, 34]. The structures of detonation wave
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Fig. 10 (Color online) (H50,E50, f1.2): Contours of the pressure, temperature, vorticity and mass frac-
tion at times t = 10,15,20 with grid resolution δ20. The parameters used for the perturbation waves are
(k = 2,A = 0.1)

Fig. 11 (Color online) (H50,E50, f1.2): Contours of the pressure, temperature, vorticity and mass frac-
tion at times t = 10,15,20 with grid resolution δ20. The parameters used for the perturbation waves are
(k = 2,A = 0.2)

becomes increasingly chaotic with time increases. At the early time t = 10, two regular det-
onation cellular structures are formed and the vortices are well developed and symmetrically
distributed in the wake of the front. The detonation wave structure starts becoming irregular
at time t = 15 due to the material burns fast resulting in high over-pressures. Meanwhile,
strong pockets of unburned gas are constantly generated and subsequently burnt. The deto-
nation wave structure becomes chaotic at time t = 20 when the transverse instabilities grow
strong and dominate the flow. Furthermore, in both cases, the vorticity generates similar
two-dimensional incompressible turbulence at t = 20 as reported in [30]. In the case of
large amplitude (k = 2, A = 0.2), smaller scale structures in the detonations wave are gen-
erated due to larger amount of energy being released during the collision with shock front
more than those in the case of small amplitude (k = 2, A = 0.1).
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Fig. 12 (Color online) (H50,E50, f1.2): Pressures and velocities with the perturbation waves with parame-
ters (k = 2, A = 0.1), (k = 2, A = 0.2). The data are recorded at location (185, 2.5) and (185,−2.5)

Fig. 13 (Color online) (H50,E50, f1.2): Contours of the pressure, temperature, vorticity and mass fraction
at times t = 5,10,15 with grid resolution δ20. The parameters of the perturbation waves are (k = 3,A = 0.1)

We choose two symmetric locations, namely (185,2.5) and (185,−2.5), to record the
evolution of pressure P and velocity u in the perturbation cases (k = 2, A = 0.1) and
(k = 2, A = 0.2) as shown in Fig. 12. At the early time, their evolution are identical, the
symmetry property is gradually lost due to the irregularity of detonation as time increases.
And larger amplitude (k = 2, A = 0.2) case loses the flow symmetry earlier than smaller
amplitude (k = 2, A = 0.1) case, which conforms to the theory that strong turbulence flow
contributes the irregularity of cellar pattern early.

The pressure, temperature, vorticity and mass fraction of the flow computed by WENO-Z
scheme with grid resolution δ20 and (k = 3, A = 0.1) are shown in Fig. 13. One can see that
the number of detonation cells depends on the wave number of the perturbation sinusoidal
waves.

5 Conclusion and Future Work

In this work, we studied the performance of the improved fifth order characteristic based
weighted essentially non-oscillatory (WENO-Z) finite difference scheme for two dimen-
sional detonation wave simulations. We presented some preliminary numerical studies of
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three examples with small heat release and low activation energy, large heat release and low
activation energy, large heat release and large activation energy, respectively. The governing
equations are a system of nonlinear hyperbolic conservation laws with a species production
source term based on a simple irreversible chemical reaction. The heat generated by the
chemical reaction is added to the total energy of the system, which drives the detonation
front and vice versa. The behavior of the combustion front and the reaction zone behind
the front depends exponentially on the local mass fraction and the temperature around the
combustion front. The fifth order WENO-Z scheme with different grid resolutions and third
order TVD Runge-Kutta scheme were employed to solve the nonlinear hyperbolic system
in order to capture sharp detonation fronts and to resolve small scales structures that ap-
pear in the highly complex solution of flow. The computer program is written based on the
FORTRAN 95 subroutines contained in the high performance software library WENOpack
[39].

To reduce the computational cost and to avoid wave reflection from the artificial com-
putational boundary of a truncated physical domain, we derive an efficient and easily im-
plemented one dimensional Perfectly Matched Layer (PML) absorbing boundary condition
(ABC) for the two dimensional unsteady reactive Euler equation when one of the direc-
tion of domain is periodical and inflow/outflow in the other direction. Numerical compar-
isons among characteristic, free stream, extrapolation and PML boundary conditions are
conducted for the detonation wave simulations. It showed that PML boundary condition is
the best choice to absorb the outgoing waves while minimizing the wave reflection from the
artificial computational boundary.

Numerical schemes for solving the system of hyperbolic conversation laws which uses a
singe mode sinusoidal perturbed ZND analytical solution as initial conditions are presented.
We showed that the larger amplitude of perturbation wave generated smaller scale structures
of detonation wave due to more energy is released when the shock fronts came across the
strong perturbation wave. The number of cell structures depends on the wave number of
sinusoidal perturbation. Regular rectangular combustion cell, pockets of unburned gas and
bubbles and spikes are generated and generally well resolved in the simulations. The present
results from the simulations agree well with the published theoretical and numerical results
in the literature.

In our future work in this area, a multi-modes perturbation and/or random perturbation
within the reaction zone will be considered in order to study the complex detonation behav-
ior. We will examine quantitative behavior of the system via the mixing profile, statistics
and spectra of perturbation energy fields (for example, see [40]) in our future work.
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